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Abstract

The modeling of pulsatile blood flow through a narrow catheterized artery in presence of nonsymmetrical mild stenosis

with a velocity slip at stenotic wall has been investigated in this paper. The blood flow is considered to be incompressible,

Newtonian with variable blood viscosity. By using perturbation analysis, analytic expressions for the velocity profile,

flow rate, wall shear stress and effective viscosity, are derived. The influence of stenosis height, shape, slip velocity and

radius of catheter on axial velocity, wall shear stress, effective viscosity, flow rate and arterial wall shear stress in

particular, in the narrow catheterized artery are represented graphically and discussed.
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1. Introduction

Circulatory disorders are considered to be for more than 55% of all deaths occurred in developed countries. An abnormal

growth, formed due to deposits of atherosclerotic plaques in the lumen of an artery is normally called stenosis. Its growth

may include the disorders in circulatory systems may be included as, narrowing in body passage leading to the reduction

and impediment to blood flow in the constricted artery regions, the blockage of the artery in making the flow irregular and

causing an abnormality of the blood flow and, the presence of stenosis at one or more of the major blood vessels, carrying

blood to the heart or brain etc., could lead to various arterial diseases e.g., myocardial  infarction, angina pectoris,

cerebral accident, coronary thrombosis, strokes etc.[3, 12, 7].

Here, Catheterization refers to a procedure in which a long, thin, flexible plastic tube (catheter) is inserted into an artery

[1]. A catheter with a very tiny balloon at the end is inserted into the artery in balloon angioplasty to treat stenosis. The

catheter is carefully guided to the location at which stenosis occurs and balloon is inflated to fracture the fatty deposits

and widen the narrowed portion of the artery [13]. The insertion of a catheter in an artery will naturally form an annular

region between the walls of the catheter and artery. As a result, this will change the flow field, like modifying the

pressure distribution and increasing the resistance. Thus it is of essential importance to study the flow of blood in a

narrow catheterized artery.

The use of catheters is of vital importance and has become a standard tool for diagnosis and treatment in modern

medicine. Transducers attached to  catheters are of use in clinical works and the technique is used for

measuring blood pressure and other mechanical properties in arteries. A catheter is composed of polyester based

thermoplastic polyurethane, medical grade polyvinyl chloride, etc. When a catheter is inserted into the stenosed

artery, the further increased impedance or frictional resistance to flow will alter the velocity distribution. Many

resear cher s have investigated the flow of blood in an artery, in presence of a catheter by modeling the catheter and

artery as rigid co-axial cylinders and blood as either a Newtonian or a non-Newtonian fluid. McDonald [2] addressed the
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pulsatile blood flow in a catheterized artery and obtained theoretical estimates for pressure gradient corrections for

catheters. Karahalios [9] has discussed the effect of catheterization on various flow characteristics in an artery with or

without stenosis. Jayaraman and Dash [8] worked a numerical study of blood flow in catheterized curved artery with

constriction. Dash et al. [11] analysed the steady and pulsatile flow of blood in a narrow catheterized artery estimated

the increase in frictional resistance in the artery due to catheterization, using a Casson fluid model. Sankar and Hemalatha

[4] considered the steady flow of Herschel–Bulkley fluid through a catheterized artery. Sankar [5] has analysed a two-

fluid model for the pulsatile flow of blood in a catheterized artery, by considering the core layer as a Casson fluid and the

peripheral layer as a Newtonian fluid.

Although, blood acts as a non-Newtonian character at low shear rates [6], at high shear rates, generally found in larger

arteries (diameter nearly above 1mm), blood behaves like a Newtonian fluid [10]. Since, stenosis normally generates and

increases in large diameter arteries (in the range of 500 to 2000 μm), where  blood  shows  a  Newtonian  behaviour,  it

appears  to  be  reasonable  in assuming blood to be homogeneous, isotropic, incompressible, Newtonian continuum, having

a constant viscosity and density for flow though stenosed arteries (having respective radii 10.0, 5.0, 4.0 and 1.5mm in

aorta, femoral, carotid and coronary arteries [14]).

To treat stenosis in balloon angioplasty, a catheter with a tiny balloon attached at the end is inserted into the

narrow catheterized artery.The catheter is guided carefully to the location at which stenosis occurs and the

balloon is then inflated to fracture the fatty deposits and widen the narrowed portion of the artery.

2. Formulation of A Mathematical Model
Consider an axially symmetric, laminar, pulsatile and fully improved flow of blood (assumed to be incompressible) through a
catheterized circular tube with an axially asymmetric but radially symmetric mild stenosis as shown in Fig. 1. It is assumed
that wall of the tube is rigid and the fluid blood is represented by a Newtonian fluid.

Fig.1   Flow Geometry of an axially nonsymmetrical stenosis with an inserted catheter

The geometry of the stenosis is given by

(1)
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where R(z) is the radius of the artery in the stenosed region, R0 is the radius of the normal artery, n( ≥ 2) is a parameter (

called shape parameter) determining the stenosis shape (the symmetric stenosis occurs when n = 2), L0 is stenosis length

and d indicates its location. The parameter A is given by

where δs denotes the maximum height of the stenosis located at z = d+L0/n
n/(n-1), such that δs ≠ R0<<1. It has been

reported that the radial velocity is negligibly small and can be neglected for a low Reynolds number flow in a tube

with mild stenosis [7,15]. The equations of motion governing the fluid flow are given by

(2)

(3)

where u represents the fluid velocity in the axial direction, ρ is the density and p denotes the pressure.

The constitutive equation of Newtonian fluid is given by

(4)

where µ is the coefficient of viscocity and ι is the shear stress.

The boundary conditions are given by

at (5)

at (6)

where us is the slip velocity at the stenotic wall [16] and R1(<<R0) is the radius of

the catheter.

Since, the pressure gradient is a function of z and t , we take

(7)

where , is the amplitude and is the angular frequency of blood flow

[17].

Let us introduce the following non-dimensional variables
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(8)

where α is the pulsatile Reynolds numbers for Newtonian fluid and q0 is the

negative of the constant pressure gradient in a uniform tube without catheter.

The non-dimensional form of geometry of stenosis is given by

(9)

Using non-dimensional variables equations (2) and (4) reduce to

(10)

(11)

With the help of (11), equation (10) becomes

(12)

The boundary conditions in the non-dimensional form are given by

(13)

(14)

The non-dimensional volumetric flow rate is given by

(15)

where is the volumetric flow rate.

The effective viscosity defined as

(16)
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can be expressed in dimensionless form as

(17)

where Q(t) is defined in equation (15).

3. Solution

Considering the Womersley parameter to be small, the velocity u can be expressed in the following form

(18)

Substituting the expression of u from equation (18) in (12), we have

(19)

(20)

Substituting u from equation (18) into conditions (13) and (14) we get

(21)

To determine u0 and u1 , we integrate equations (19) and (20) twice with respect

to r and use the boundary conditions (21) (for u1 , using the expression obtained

for u0 ), we have

(22)

(23)

where

The expression for velocity u can easily be obtained from equations (18), (22) and (23).

The wall shear stress (as a result of equations (11) and (18)) becomes
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(24)

which is determined, by substituting velocity expressions (22) and (23) into the

above equation (24), in the form

(25)

From equation (15), (22) and (23) the expression for volumetric flow rate is given

by

(26)

The effective viscosity μe can be found out with the help of equations (17) and (26).

4. Results and Discussions

The present model has been investigated to analyse the effects of stenosis height, shape, catheter radius and slip velocity

on axial velocity, shear stress and effective viscosity. The value 0.5 is taken for the amplitude a and the pulsatile

Reynolds’ numberα, the range 0-0.2 is taken for the height of the stenosisδs. Radius of the catheter is taken in the

range 0-0.5 and the value of the stenosis shape parameter is taken from 2 to 6.

Result: 1

Fig. 2: Variation of axial velocity with radial distance for different values of t
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It is found that velocity increases as the time t increases from

t = 00 to t = 900 and then it decreases from t = 900 to t = 2700 and then it again increases fromt = 2700 to t = 3600.

Result: 2

Fig.3: Variation of axial velocity with radial distance for different values of catheter radius R1.

Velocity profiles for u in the case are found in catheterized artery than in an uncatheterized artery one for both uniform and

stenosed arteries. Also, it is observed that magnitude of axial velocity significantly decreases with the increase in height of

the stenosis in both catheterized and uncatheterized arteries.

Result: 3

Fig. 4: Variation of wall shear stress with axial distance for different values of δs.

It is noted that the wall shear stress is very low in a uniform artery and it gradually increases wih the increase in stenosis size.
It can be observed that τw increases as the axial distance z from -4 to 0 and then it decreases from 0 to 4. The maxixmum wall
shear stress occurs at the throat of the stenosis (z = 0).
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RESULT: 4

This shows the variation of effective viscosity with the

radius of the inserted catheter for different values of

shape parameter n and slip velocity us at δs = 0.2, t =

450. It is found that effective viscosity increases with

catheter radius significantly but decreases with shape

parameter and slip velocity.

Fig. 5: Variation of wall shear stress with catheter radius for different values of δs.

RESULT: 5
Lo = L = 1(cm); (non- dimensional catheter radius = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, δ/ R (nondimensional stenosis

height) = 0, 0.05, 0.10, 0.15, 0.20. (It is to note that the present study corresponds to the flow in un-catheterized and normal
(no stenosis) artery for parameter values ϵ = 0 and δ/R = 0, respectively.

Fig. 6. Impedance, λ versus for different δ/R0.
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Fig. 7. Impedance, λ versus for different δ/R0. Fig. 8. Shear stress at stenosis throat τw versus δ/R0.

The high asymptotic magnitude of λ occurs

for  δ/R = 0.1(19% stenosis), 0.15 (28%

stenosis) and 0.2 (38% stenosis) at catheter

size, ϵ = 5.5, 4.5 and 4.0 respectively. Also

notice that τw is increases with increasing

stenosis height,δ/R0 (Fig.8 ). The wall shear

stress in the stenotic region, τw increases

rapidly with the catheter size,ϵ.(Fig. 9).

Fig. 9. Shear stress at stenosis throat τw versus ϵ .
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Fig. 10. Variation of shear stress at stenosis throat τw with δ/R0 for different values of ϵ.

The shear stress at the stenosis throat τs increases with

the catheter size, ϵ as well as with the stenosis height, δ/R

(Fig. 10). At stenosis critical height, the shear stress τc too

increases with the catheter size, and stenosis height δ/R

(Fig. 11). The flow characteristic, τs assumes higher

magnitude for higher stenosis height for small catheter

size, ϵ (Fig. 12). One notices that τ s achieves an

asymptotic magnitude when the catheter size becomes

approximately fifty percent of the artery size.
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Fig. 11. Shear stress at stenosis critical height,τs versus δ/R0 for different values of ϵ.

Fig. 12. Variation of shear stress at stenosis throat τw for different values of δ/R0 .

Conclusion
In the present work, the increased impedance and shear stress during a narrow catheterized has been analyzed

assuming that the flowing blood is considered as a Newtonian fluid. Graphical results shows that wall shear stress

and effective viscosity decrease while axial velocity increases with velocity slip at wall; magnitude of axial velocity

significantly decreases with the increase in height of the stenosis in both catheterized and uncatheterized arteries; the wall

shear stress is very low in a uniform artery and it gradually increases with the increase in stenosis size; the wall shear

stress goes on increasing with the increase in stenosis size and the radius of the catheter. Thus, the magnitude of the

stenosis critical height is  smaller than its corresponding value at the stenosis throats.
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